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1 Introduction

Originally, martingale referred to a class of betting strategies popular in 18th-century France.
The strategy had the gambler double their bet after every loss so that the first win would
recover all previous losses plus win a profit equal to the first bet. In mathematics, the term
martingale later came to refer to a class of stochastic processes. Part of the motivation of
developing the martingale theory is to prove that there is no betting strategy (including the
one described above) that allows a gambler to beat a fair game. The theory has been applied

across various scientific disciplines, and is often praised for its generality and elegance.

2 Definition of Martingale

Definition 1 (Filtration): We say that a sequence of sub-o-algebras {F,,}" ; defined
over a probability space (€2, F, P) is a filtration if F,, C F,, 41 for any 1 < n < m. If the
sequence is infinite, then we simply set m = +o0. In this note, the notation {F,},>1

and {F,}°°, is equivalent.

A filtration represents a gambler’s information after the nth round of play. The require-
ment that F,, C F,;1 means that the gambler’s information increases over time. Next we
model the fortune of the gambler over time. After the nth round of play, the gambler knows
his fortune, and therefore his information at time n, F,,, should contain such information.

This leads us to the notion of adapted sequence.

Definition 2 (Adapted sequence): Let { X}, be a sequence of random variables
defined on a probability space (2, F,P). {X, }", is said to be adapted to the filtration
{Fu}myif X, is F,—measurable. We will call {X,,, F,}™ , an adapted sequence.



Definition 3 (Martingale): An adapted sequence { X}, with E|X,| < oo for all

0 <n <mis said to be a
(i) sub-martingale if E[X,,41 | Fn] > X, forall 1 <n <m.
(i) super-martingale if E[X, 11| F,]) < X, for all 1 <n < m.

(iii) martingale if E[X,41 | Fn] = X, forall 1 <n < m.

{X,, Fn} is a sub-martingale, if given the gambler’s information at time n, his fortune
is, on average, going to increase after the next round of play. This means that the gambler
is playing a favorable game. Similarly, a super-martingale represents an unfavorable game.

There is nothing super about the super-martingale. The name is related to superharmonic
functions. Think about random walks on R?. Fix a radius r > 0 and let {X,, },>1 be a random
walk defined by

an+1 (y | l‘n, l‘n—l, veey ﬂ:‘o) = an+1 (y | xn) — r 1wd n 5

0 otherwise.

where wy is the surface area of an R? ball with radius 1. Let ¢ be a superharmonic function
defined on R*. Then the sequence {¢(X,,), F,} is a super-martingale.

Given a sequence of random variables {X,}I"_,, there is a natural way of choosing the
filtration to which {X,} is adapted: setting F, = o(Xo,...,X,). Indeed, if {X,} is a
martingale with respect to some filtration, then it must be a martingale with respect to the

natural filtration.

Example 2.1 (Branching Process): Let {{,x : n > 1,k > 1} be a double array of i.i.d
random variables with E[{,,] = g and Z,, be the size of the population of generation n.

Consider the evolution of a population starting from a single person.

anl
Zo=1, Zn="Y b
k=1
{Z,}n>0 is called a branching process. Let F,, = o(Xy, ..., X,,).
B[Zps1 | Fo] = pZy.

Therefore, {Z,, F,}32, is a martingale, sub-martingale, super-martingale if and only if © = 1,
>1lor <1.
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Example 2.2 (Likelihood Ratio): Let Y7, Y5, ... be a sequence of random variables on a
probability space (€2, F,P). Let Q be another probability measure defined on F. Suppose
for any n, the joint distribution of (Y7, ...,Y},) under the two measures are both dominated

by the Lebesgue measure with derivatives p, and ¢,. Consider the sequence {Z,,},>1

qTL(E? >Yn)

Ly = .
Pa(Y1, .., Yn)

and let F,, = 0(Y1,...,Yy,). Then {Z,, F,,}n>1 is a martingale under P. First,

Qn AR n
E|Z,] :/ Mpn(yl, s Yn)A(Y1y ooy Yn) = 1 < 00.
Rn pn(y1>"'ayn)

Now let A € F,,. Then A ={w: (Y1(w), ..., Yn(w)) € B} for some Borel set B in R".

E[E[Zn11 | Fall4] = E[Z,4114]
qn+1 Y1, .- '7yn+1)

/><]R pn—‘rl Y1, .- -7yn+1)

pn-l-l(yh SES) yn+1) d(yb oo Yny yn—l—l)

y17 7yn) d(yh ,yn>

qn\Y1, 7yn)
D (Y1, s Yn) A(Y1, -, Yn)
/Bpn yla 7yn)

E[Z,14].

Therefore, E[Z,, 11 | Fn] =

3 Betting and Optional Stopping

Does there exist a betting strategy that allows one to “beat” a fair or unfavorable game?
Suppose an adapted sequence {X,, F,}™ , represents the fortune of a gambler playing the
original game. At each nth round of play, he gains X, ;1 — X,,. We now allow the gambler,
after nth round of play, to choose how much to bet at the next round. By choosing H,, .1 > 0,
instead of gaining X, 11 — X,,, he gains H,,1(X,11 — X,,). His betting strategy can only be
based on his available information. Namely, for any two situations that the gambler cannot
tell apart, the bet should be the same. Therefore, H,,; should be measurable with respect

to F,. This leads us to the notion of betting sequence.
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Definition 4 (Betting Sequence): A belting sequence with respect to a filtration
{F.}m, is a sequence of nonnegative random variables { H,,}!" ; such that H,, is mea-

surable with respect to F,,_1.

Example 3.1 (Martingale Strategy): In 19th century, there is a popular betting strategy
named martingale. The betting strategy had a gambler double his bet whenever he loses a
round of game and stop when he first wins. This way, his first win will not only recover all
his previous losses, but also brings a profit of the original bet.

Consider the most simple form of game: the gambler wins 1 dollar if a fair coin comes
up head and loses 1 dollar otherwise. Let {G,},>1 be the gambler’s gain at each round
of play. Then his fortune X,, after nth round forms a martingale (let X, = 0), defined by
X = Xo+> 7, G; with respect to the natural filtration F,, = (X, ..., X,,) = 0(G1, ..., Gy).
The martingale strategy suggests a betting sequence {H,},>1 and an induced sequence of
fortune {Y, },>0 defined as follows: H; = 1, and for n > 2,

Yn:YOJriHjGj

j=1

2=t if Gy=—1forall j<n-—1
H, =
0 it G; =1 for some j <n —1.

Note that P(G; = 1 for some j € N) = 1. Hence, with probability 1, the gambler is walking

away with 2 dollars.

Theorem 1 (Betting Theorem): Let {X,,, F,}™ , be an adapted sequence and
{H,}"_, be a betting sequence. Define Yy = Xy and Y,, = X+ Z?:l Hi{(X;—X;1) =
Yoo1+ Ho (X, — X5im1). Then {X,,, F.}, is a

(i) martingale, then {Y,,, F,,}I", is also a martingale.
(ii) sub-martingale, then {Y,,, F,}", is also a sub-martingale.

(iii) super-martingale, then {Y,,, F,}"  is also a super-martingale.

Proof. 1t is easy to see that {Y,} , is adapted to {F,,}" , and

E[Y,| <E[Xo|+ Y Hj(E|X;|+E|X;,]) < .

Jj=1
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Now suppose {X,,, F,}™, be a sub-martingale.

E[YnH ‘Fn] = E[Yn + Hn+1(Xn+1 - Xn) |~7:n]
=Y, + Hn+1(E[Xn+1 ’fn] - Xn)
>Y,.

]

Is this theorem enough to claim that the gambler cannot beat a fair game? Certainly
not. Suppose there is a large number [ of gamblers (indexed by ¢) who play independently
the coin flipping game and they all adopt the martingale strategy {H,},>1 described in
Example 3.1. Let {Y;,}n>0 be gambler ¢’s fortune after each round n, and suppose Y;o = 0
for all . Then Theorem 1 suggests that (1/1) Zle Yin = E[Y1,] = 0. But why should we
care about the average fortune of bidders at some particular time n instead of the average
of their final fortune when they stop playing?

As we mentioned in Example 3.1, the gambler is going to win 2 dollars with probability
1. It seems that the gambler could beat the fair game by adopting the martingale strategy.
However, there is a hidden assumption in that strategy: the gambler has unlimited fund.
We will show that if this is not the case, then on average, the gambler is going to walk away
with nothing when he stops playing.

The martingale strategy involves stopping at some particular point when some condition

is satisfied. This leads to the notion of stopping time.

Definition 5 (Stopping Time): Let 7" be a random variable taking values in N U
{0} U {400}, defined on a probability space (2, F,P) with a filtration {F,},>0. We
say that T is a stopping time if {T = n} € F, for all n. T(w) = +o0 if T(w) ¢ NU{0}.
Note that T is a stopping time if and only if {T" < n} € F, for all n if and only if
{T > n} € F,. We say that T is a proper stopping time if P(T # oo) = 1.

In Example 3.1, the martingale strategy involves a stopping time defined by T' = inf{j >
0: G; = 0}. The gambler’s fortune when he stops playing is Y7. As we mentioned, Yy = 2

almost surely.

Theorem 2 (Doob’s Optional Stopping Theorem I): Let {X,,, F, },>0 be a sub-
martingale and let 7" be a stopping time w.r.t {F,},>¢. Define X, = Xmin{T,n}- Then
{X,, F,} is also a sub-martingale and hence E[X,] > E[X,].
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Proof. Define for alln > 1, H, =1i#fT >n—1and H, = 0if T" < n — 1, Notice that
{H, =0} ={T <n—1} € F,_1. Therefore, {H,},>1 is a betting sequence. Observe that
X, = X, + Z?Zl H;(X; — X;_1). By Theorem 1, the result follows. O

Notice that if T" is a proper stopping time, then
Xn L5 Xr as n— o0.

But it does not guarantee that
E[X,] — E[X7].

In Example 3.1, stopping time T = inf{j > 1: G; = 1} and Y,, = Y,,. We see that Y;, == Y,
but E[Y,] = 0 while E[Y7] =2 > 0.

Theorem 3 (Doob’s Optional Stopping Theorem II): Let {X,,, F,}.>0 be an
adapted sequence and let T be a proper stopping time with respect to {F, }n>o. If for
all n, | Xmin{rny| < K for some K, then

(i) E[Xr] > E[X0] if {X,, Fs}n>0 is a sub-martingale.
(i) E[X7] < E[Xo] if {X,, Fn}n>o is a super-martingale.

(iii) E[X7| = E[X] if {X,,, Fn}n>o is a martingale.

Proof. Suppose {X,,, F,,}n>0 is a sub-martingale. Since Xmin{T,n} 2% Xrp, by Dominated
Convergence Theorem, E[X7]| = limy, o E[Xwmin{rn}] > E[Xo]. O

Example 3.2 (Martingale Strategy continued): In real life, the martingale strategy is
not applicable because the gambler has limited fund. The betting sequence {H,},>1 and
stopping time 7T should be revised. Suppose the gambler has a fund of A > 2. If his loses

over A dollars, he is broke, and is forced to leave.

2r1 it Gy =—1forall j<n-—1
0 if Gj=1orY; < —Aforsomej<n-—1

H, =
T=inf{n>1:G,=1orY, <—-A}.

The induced sequence of fortune {Y}, },>1 is still a martingale. Since it is uniformly bounded
by |Y,| < A, by Theorem 3, E[Yr] = E[Y;] = 0.

Suppose we have two stopping times S and 7" with S < T', how could we guess X at time
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S (which is random)? We shall first know the information available at time S. Although at
any time n, you can always distinguish whether {S = n} has occurred (by the definition of

stopping time), knowing S = n still brings additional information!

Definition 6 (Fr): Let Foo = ({J,5,) and 7" be a stopping time. Define the gambler’s

information when he stops playing as Fr,
Fr={A e Fo: AN{T =n} € F, for all n}.

One can check that Fr is indeed a o-algebra. Also, X is Fpr-measurable. And if
S <T, then Fg C Fr.

Example 3.3 (Trivial Stopping Time): Let stopping time T" be defined T' = m, namely,
always stop playing after the mth round of play. Notice that {T' = n} = @ if n # m and
{T'=m} =Qif n =m. Hence Fr = F,,.

Theorem 4 (Doob’s Optional Stopping Theorem III): Let {X,,, F,},>0 be a sub-
martingale (super-martingale), and S and 7' be two stopping times such that S < T
If Xg and X are integrable, and if

liminfEHXn\l{T>n}] — O, (1)
n—oo

then
E[X7 | Fs] > (£)Xs.

If, in addition, {X,},>0 is a martingale, then the equality holds.

Proof. Tt suffices to prove that for any A € Fr,
/ Xr—XsdP > 0.
A

Let {ni}r>1 be a subsequence along which the limit in Equation 1 is reached and define
T, = min{T, ni} and S, = min{S, ni}. Note that for all £ > 1, S < T}, < ny. It suffices to

prove

/XTk—XSdezOforallkal,
A

/lXTk—XT‘dP—>O, /’Xsk—Xs‘dP—>0
A A
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We may write

Nk

Xr, — Xs, = > (Xp = X ){Se + 1 <n < Ti}.

n=1
Forany n < mny, {Spy+1<n}={S<n—-1}, while {n <T} ={n <T}={T>n—-1}.
Since A € Fg, AN{S <n—-1} € Fu1. An{Spx+1<n}n{n < T} € F,_1. Define
Bn:Aﬂ{Sk—l—lSn}ﬂ{nSTk},

ng
/XTk ~ X5 dP=> [ X,—X,1dP >0,
A =1/ Bn
because an X, dP = an E[X, | F._1]dP.

A A

S/|Xnk|1{T>nk}dP+/|XT\1{T>nk}dP
A A

— 0.

Remark: If there exists ng < oo such that P{T < ¢} = 1, then Equation 1 holds.

Using Theorem 4, we can derive a Markov-type inequality for martingales.

Theorem 5 (Doob’s Maximal Inequality): Let {X,,, F,},>0 be a sub-martingale
and for each 0 < m, let M,, = max{Xj,..., X;,}. Then for any m > 0 and x € (0, 00),

E[ X1 z E[X

X T

Proof. Define the stopping time S by:

inf{0<n<m:X,>z} onA={M,>z}

m on A€,

and 7" by T' = m. Since S < T and P{T" < m} = 1, by Theorem 4, E[X,, | Fs] =
E[X7 | Fs] < Xg. Note that for any 0 <n <m—1, AnN{S =n} ={S =n} € F, and
ANn{S =m}={Xo, ... Xpn1 < x,X,, >} € F,. Therefore, A € Fg.

. [, XsdP . JoXrdP _ E[X,14] < BIXA

T X i T

P(A)
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p € (1,00),

p—1

B[ory] < (-25) Bl <o

Theorem 6 (Doob’s [P-Maximal Inequality for Sub-Martingales): Let
{X,, Frn}n>o be a sub-martingale and let M, = {X; : 1 < j < n}, Then for any

Proof. If E[(X;F)?] = oo, then the inequality clearly holds. We therefore focus on the case
when E [(X;7)P] < co. Note that for any nonnegative random variable Y, 2 > 0 and p > 1,

Y 00
E[Y?] = E [/ paP~! da:] =E {/ pzp_ll{y>z} dx]
0 0

:/ prP ' P{Y > 2} dx.
0

Hence,
E[(M})?] = / pr’ ' P(M, > x)dx
0

< [ pr BN L) do
0

This implies

Then for p > 1,

p
< (L) E|X,[".
L—p
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(by Theorem 5)
(by Tonelli’s Theorem)

(by Holder’s Inequality)

Corollary 1: Let {X,,, F,}n>0 be a martingale and let M, = sup{|X;|: 1 < j < n}.



4 Martingale Convergence Theorem
Martingales converge under very mild conditions, making them highly tractable. The fol-
lowing are some results which will be proved in this section:

(i) Any nonnegative super-martingale converges almost surely.
(ii) Any sub-martingale { X, },>¢ for which {E | X,,|},>0 is bounded converges almost surely.

(iii) Further, if the sub-martingale is nonnegative and {E|X,|’},>0 is bounded for some

p € (1,00), then X,, converges almost surely as well as in LP.

These results depend crucially on Doob’s Upcrossing Lemma. Recall that a sequence
of real numbers {z,};>; converges (may converge to +o0o or —oo), if and only if, for any

a,b € R and a < b, the sequence crosses from a to b only finitely many times.

Definition 7 (Upcrossings): Define, for a sequence of real numbers {z;}"_, and
a<b,

Ni({z;}j=1;a,0) =min{j : 1 < j <n,z; <a},

Ny =min{j : Ny < j < n,z; > b},

N2k71 = mln{j : Ngk,Q <] S n7xj S CL},
Noi, = min{j : Nox—1 < j < n,x; > b}

Let K be the last k such that Ny is well-defined. If N; and N, are not well-defined,

then K = 0. The number of upcrossings of {;}7_,is defined as
Ul{a;Yssa,b) = K.

Figure 1 shows a sequence with a total of two upcrossings, U({xj}gzl; a,b) = 2.
Proposition 1: Let {z;},>1 be a sequence of real numbers and let U,(a,b) =
Un ({x;}7_1;a,b) for all @ < b. Then {z;};>1 converges (may converge to +oo or

—00) if and only if sup,,», Uy(a,b) < oo for any a < b.

Doob’s Upcrossing Lemma asserts that for a sub-martingale { X, .7-"3-};‘:1, the expected

number of upcrossings from a to b can be bounded by above by some function of E[X;I] and
a, b
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)

X1

Figure 1: A sequence {z;}?_, with two upcrossings.
Theorem 7 (Doob’s Upcrossing Lemma): Let {Xj, F;}7_; be a sub-martingale
and let @ < b be real numbers. Let U, := U({X;}}_;;a,b). Then

E(X,—a)" —EX;—a)t EX[ +]d
Elth] < b—a = (b—a)

Proof. First prove the case when X; > 0forall j > 1and a = 0. Let U, == U ({X;}7_;0,b).
This means that Ny ({X;}7_1;0,0) , ..., Noy, ({X;}7_1;0,b) are well-defined. Define Ny =1
and for 1 < j <n,
) N, ifje{1,2, ... 20,
N; = J jed }
n otherwise.
One can check that Nj’s are proper stopping times with Nj <N j+1 inductively. By Theo-

rem 4,
E|Xg,,, — X5, 20
for 1 < j < n. Therefore,

E[X" o Xl] - ZE |:XNJ'+1 - XNJ]

- Z E |:XNJ'+1 - XN;‘] - Z E [XNJ'H - XNj:|

7 is odd J is even
>EpU]+ Y E [XN . XNJ
j is even
> bE[U,],

which proves both inequalities under the special case. Now let {X;, F,};>, be an arbitrary
sub-martingale and a < b be arbitrary. Define Y; = (X; —a)*. Then {Y}, F;}7_, is a
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sub-martingale. Note that U, = U ({X;}"_;;a,b) = U ({¥;}7_;0,b —a). By the above
conclusion,

E[(Xn —a)"] = E[(X1 = a)"] = (b — o) E[U,].

The last inequality follows from the fact that (X —a)™ < Xt + |a| for any random variable
X. [

Lemma 1: Let {X,,, F,,},>1 be a sub(super)-martingale. Then

supE|X,| < 0o < supE[X;/] <

n>1 n>1
(supE\X | <00 <= supE[X ] < )
n>1

Proof. The direction ( = ) is obvious because | X,,| > X;F. We prove the opposite direction.
Note that X, = X;F — X,,. Hence,

supE[X ] <sup E[X[] — inf E[X,,]

n>1 n>1 n=1
=supE[X ] — E[X;] < 00
n>1

Theorem 8 (Almost Sure Convergence of Sub-martingales): Let {X,,, F, }.>1

be a sub-martingale (super-martingale) such that

sup E[X[] < oo (Sup E[X,] < oo) :

n>1 n>1

Then X,, converges almost surely to a finite limit X, and E |X | < occ.

Proof. We first prove that
limsup X,, = liminf X,

n—o00 n—oo

almost surely. Let U, (a,b) denote U ({X;}"
a,b € R. It is clear that

a,b) and Ux(a,b) = U ({X;};>1; a,b) for any

j=1’

Un(a,b) < U,i1(a,b), Uy(a,b) — Ux(a,b) as n — oo.

Page 12 of 20



Note that

{w : Ux(a,b) < oo for all a,b € Q} = {w : limsup X, = limiann} :

n—00 n—00

Fix any a < b € Q,

E[Ux(a,b)] = lim E[U,(a,b)] (by Monotone Convergence Theorem )

n—o0

< Sup,,>1 E[Xrﬂ + |al
- b—a

< Q.

(by Theorem 7)

Therefore, for any a,b € Q, P(Ux(a,b) = c0) = 0. And we thus have

P (Ux(a,b) = oo for some a,b € Q) =P ( U {Uso(a,b) < oo})

a<beQ

< Y P(Us(a,b) < 00) =0,

a<beQ

which proves the assertion. We now know that lim,, ., X,, = X exists. By Lemma 1 and

Fatou’s Lemma,

E|X.|=E ( lim |Xn|) < lim B|X,| < supE |X,| < co.
n—oo n—oo n>1

Corollary 2: Let {X,,, F,,},,>1 be a sub-martingale (super-martingale) that is bounded

above (below), then X,, converges almost surely to a finite limit.

If we want convergence in L', more conditions are required. Recall that a collection of
L' functions { fj}rer defined on a measured space (X, X, u1) is said to be uniformly integrable

if the following two conditions hold:

 suprer [ Ll de < oo

o For any € > 0, there exists ¢ > 0 such that for any set A with u(A) <9,

sup/ | X0 1adp < e
x

n>1
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Lemma 2: Let {X,},>1 be a sequence of random variables defined on a probability
space (2, F,P) and that {|X,,|[’},>1 is uniformly integrable. Suppose X,, converges in
probability to a random variable X,,. Then X, € LP(P) and {X,},>1 converges to
X in LP.

Proof. 1t suffices to prove that {|X,,|"},>1 is a Cauchy sequence since LP(P) is complete. Fix
e > 0. For any 0 <n <m, let A(n,m) = {|X,, — Xoo| > € or | X,, — Xoo| > €}.

E[| X, — Xnlf] = E[| X, — Xi|P1a] + E[| X, — Xin|1ac]

< E{|X,P14] + E[[ X[ 1] + (26"

By uniformly integrability, there exists 6 > 0 such that for any set F with P(F) < 4§,
E[| Xk[P14] < € for all k. There exists N € N such that for all n,m > N, P(A(n,m)) < ¢
and thus both E[|X,,|P14] and E[|X,,,|[P14] are smaller than e. O

Theorem 9 (L' Convergence of Sub-martingales): Let {X,,, F,},>1 be a sub-

martingale (super-martingale), then the two statements are equivalent:
(i) {X,}n>1 converges almost surely and in L! to a finite limit.

(il) {X,}n>1 is uniformly integrable.

Proof.

e (i = ii): Indeed, for any sequence of random variables {X,},>1, convergence in L'

implies that the sequence is uniformly integrable.

o (ii = 1): Since {X,,},>1 is uniformly integrable, by Theorem 8, {X,,},>1 converges

almost surely to an L' limit X.. By Lemma 2, the conclusion follows.

Theorem 10 (LP? Convergence of Nonnegative Sub-martingales): Let
{Xn, Fuln>1 be a nonnegative sub-martingale such that sup,; E[X?] < co. Then

{X, }n>1 converges to an LP limit X, almost surely and in L?.

Proof. Let M, = max{Xy, ..., X, }. {XE, F,},>1 is a nonnegative sub-martingale. By The-

orem 6,

? \’ » \’
E[MP] < (—) E[X?] < (—> sup E[X?] < 0.
p—1 p—1) n>1

Page 14 of 20



Let M denote sup,,», X, and E[M?] < co. Hence, for any subset A € F,

supE (XP1,4) <E(MP14) — 0 as P(A) — 0,

n>1

which means that {X?},>; is uniformly integrable. By Theorem 8 and Lemma 2, {X,, },>1

converges to an LP limit X, almost surely and in L”. [

Corollary 3: Let {X,,, F,},>1 be a martingale such that sup,,»; E[|X,|?] < co. Then

{X,}n>1 converges to an LP limit X, almost surely and in L”.

5 Applications

5.1 Doob Martingale and Kolmogorov’s Zero-One Law

Definition 8 (Doob Martingale): Let X be an integrable random variable defined
on a probability space (2, F,P) and let {F;}r>1 be a filtration. Define for all k£ > 1,

X =E[X | F].

One can easily see that { X, Fi }r>1 is a martingale and can further check that { Xp }r>1

is uniformly integrable. { Xy, Fi }r>1 is called a Doob Margingale.

Theorem 11 (Convergence of Doob Martingale): Let X be an integrable random
variable defined on a probability space (2, F, P). Let {F},},,>1 be a filtration and write
Foo = 0(U,>1 Fn)- Then we have

EX|F.,] —EX|Fx] as n— o0

almost surely and in L.

Proof. Let X} .= E[X | F,,]. As mentioned in Definition 8, { Xk, Fi}r>1 forms a martingale
and the sequence {Xj}x>; is uniformly integrable. By Theorem 9, X} converges to some
finite limit X, almost surely and in L'. We shall prove that X, = E[X | F,]. X, and
E[X | Fw| are Foo-measurable. Therefore, it suffices to prove that for any A € F,

/XOOdP:/E[XU-"OO]dP.
A A
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Define the collection of sets

Ez{Ae]—"oo:/AXoodP:/AE[X\]-“oo]dP}.

One can check that £ is a lambda system. On the other hand, it is easy to see that P =
ngl Fr is a 7 system. For any Ay € P, say Ay € F,, for some n,

X, dP — XodP as k — oo,
Ao Ao
because X converges to X, in L!. But on XidP = E[X1,4,] for all £ > n, implying that
J4y XoodP = E[X1,]. Also, [, E[X|F.]dP = E[X1,,]. This proves that Ay € L. We
thus conclude P C L, any by Dynkin’s m-A Lemma, F,, C L. ]

Theorem 12 (Kolmogorov’s Zero-One Law): Let (2, F,P) and {F;}r>1 be a se-
quence of mutually independent o-algebras, Fr C F for all k. Define G,, = o (Uk>n ]-"k)
and 7 =(),>; Gn- T is called the o—algebra of tail events. Any event in T has either
probability 1_or 0.

Proof. We first prove that any integrable random variable Y that is 7-measurable is almost

surely constant. By Theorem 11,
EY |F] — E[Y |G| =Y
almost surely and in L'. On the other hand, Y 1L F} for all ¥ € N and therefore
E[Y | F] = E[Y].

Hence, Y = E[Y] almost surely. Now for any set A € T, 1, is almost surely a constant. And
since 14 can only take value of either 1 or 0, we conclude that P(A) = E[14] equals either 1
or 0. 0]
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5.2 Reversed Martingale and Strong Law of Large Numbers

Definition 9 (Reversed Martingale): Let (2, F,P) be a probability space. Let
{Xn, Frn}n<—1 be an adapted family, i.e., F,, C F,,, C F_1 C F for all —co <n < —1

and X, is F,-measurable. {X,,, F,},<_1 is called a reversed martingale if
(i) E|X,| < oo foralln < —1
(i) E[Xy1| Fn] = X, forall n < —1.

The definitions for reversed sub-martingale and reversed super-martingale are similar.

Theorem 13 (Convergence of Reversed Martingales): Let {X,,, F,,},<_1 be a

reversed martingale. Then
X, — E[X_ 1| F-x] a8 n— 0

almost surely and in L' where F__, = ﬂn§—1 F.

Proof. Fix a < b. Let U, denote the number of upcrossings from a to b by {X;}.1 . By

Theorem 7,
E(X_1 — a)*
ElU,| £ ——————
U] = (b—a)t

Let U denote the number of upcrossings from a to b by the whole sequence { Xy }r<_1. Then
U = lim,_,, U,, and by MCT,

. E(X_l — a)+

= < ——
E[U] 71121;0 E[U,] < b—a) < 0.

This proves that P(U < oo) = 1. Since this holds for all a < b, using the same argument in

the proof of Theorem 8, we conclude that

P (lim sup X,, = liminf Xn) =1.

n——00 n——00

Therefore, { X, },<_1 converges to some limit X_ ., almost surely. Observe that for alln < —1
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and x > 0,

B [1Xal 1 xa50] = B [[BXns [ Pl Lgxsn]
< E [E[Xps1|1{x0 1521 | Fal] (by Jensen’s Inequality)

= B[ Xo1[11x,0050))

< E[| X1 |1qx_,5a)-

This proves that {Xj}r<_1 is uniformly integrable. By Lemma 2, X} converges to X_., in
LYF) and X_, € L'(F_.). We now prove that indeed, X ., = E[X_;|F_,] almost
surely. Let A € F_,. On one hand,

/Xde—>/XOOdP as k — —oo.
A A

On the other,
/Xde:/E[Xk|.7-"_oo]dP:/E[X_1|]-"_Oo]dP.
A A A

This proves that

/XoodP:/E[X_1|}‘_OO]dP.
A A

Theorem 14 (Strong Law of Large Numbers for i.i.d. rv’s): Let {X;};>1 be a

sequence of i.i.d. random variables with E |X;| < co. Then

_ 1 —
X, — 52){,{ — E[X4]

k=1

almost surely and in L*.

Proof. Let S, denote > ;_, Xj. Consider the sequence of o-algebras {F_;};>1 and random
variables {Y_j}x>1 defined by, for each k > 1,

f_k = O'(Sk,Xk+1,Xk+2,...), Y_k = Xk.

We show that {Y_i, F_i}r>1 is a reversed martingale. It is easy to see that {Y_g, F_g}r>1
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is an adapted sequence. By independence,

k—1
— 1
BIY g1 | Foi] = BIX G [ 8] = — ; E[X; | S].
By symmetry, for all 1 < i < k, E[X;|S)] are the same. Since Y.  E[X;|Si] = Sk,
E[X; | Sk] = %Sk = X . This shows that

k—1

i=1

By Theorem 13, X, = Y_; converges almost surely and in L'. This means that limy_,.o X
exists almost surely. Write limy_, X = Xoo. Since X is a tail random variable, it is
constant almost surely. By the L! convergence, E[X,] = E[Xi], and thus X, = E[X]

almost surely. O

5.3 Likelihood Ratio Test

Let {X)}x>1 be a sequence of i.i.d. random variables defined on a measurable space (2, F).
Suppose there are two possible underlying probability measures, P and Q, each induces a
p.d.f. of X7, X5, ..., X,, on R",

n n

p(ry, ..., Tp) = Hp(xi), q(z1, ..., zp) = Hq(x,)

=1 =1

A statistician is testing a statistical hypothesis with the following null and alternative hy-

potheses:

Hy : Pis the underlying probability measure.
H; : Qis the underlying probability measure.

He tests the hypothesis using the likelihood ratio test. Write Z,, = ¢(X1, ..., X,,)/p(X1, ..., X)) =
[T, (¢(X:)/p(X;)). Upon observing Xi, ..., X, he

rejects Hy if Z, > s

accepts Hy if Z, < s.
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for some predetermined s > 0. Let «,, denote the probability of type 1 error (rejecting Hy
when Hj is true), o, == P(Z,, > s) and 3, denote the probability of type 2 error (accepting
Hy when H, is false), 8, = Q(Z, < s).

Theorem 15: The probability of type 1 error and type 2 error both converge to 0 as

the sample size goes to infinity. Namely,

a, — 0, [,— 0 asn— oo.

Proof. We first prove that the probability of type 1 error goes to 0. On the probability
space (€2, F,P), as mentioned in Example 2.2, {Z,, F,}n>1 is a martingale where F,, =
o(Xy, ..., X,). Note that Z, is bounded below by 0, and by Corollary 2, Z,, converges to a

finite limit Z, almost surely. Indeed, Z,, = 0 almost surely. Observe that

Eplg(X,)/p(X1)] = / (a(@)/pla))p(a) do = 1.

Since the two densities p and ¢ are assumed to be different, ¢(X;)/p(X;) is non-constant,
(X)) *
q(X1)\?
=E < 1.
[(P(Xl)) ]

E [Zo%o] <limsupE [Zé} = limsupﬁE [<Q(Xz>)

n—00 n—oo
=1

and by Jensen’s Inequality,

By Fatuo’s Lemma,

(SIS

n—0o0

] = limsupn" = 0.

This proves that Z,, = 0 P-almost surely. Therefore, o, = P(Z,, > s) — 0 as n — 0o. Now
write the event {Z, < s} as {1/Z, > 1} and Z, .= 1/Z, = p(Xy, ..., Xy,)/a(X1, ..., X5,). Ob-
serve that {Z/, F,, }n>1 forms a martingale on (€2, F, Q). Following the exact same reasoning,

we obtain 3, — 0 as n — oc. [
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